In this paper, we discuss a class of methods for summing sequences which are generalizations of a method due to Salzer. The methods are not regular, and in contrast to the classical regular methods, seem to work best on sequences which are monotone. In our main theorem, we determine a class of convergent sequences for which the methods yield sequences which converge to the same sum.
Introduction.
In this paper, we discuss a class of transformations which are useful for summing certain monotone sequences.
In what follows, let k, m, n be integers, k 2: 0, m, n ^ 1, let {Sn} be a sequence of complex numbers and X be a complex number. The transformation 1lm: {S"} -* [S*\ is defined by (1) S* = OlJfSj) = 3m({5n})/3"({l}), where
3ra({S"}) * 3m(*. X, {Sn}) = -~ I) (-)r+,(X + rf+m(^)sr.
11™, for the case where k = 0, X = -N, was discussed by Salzer [1] , [2] , [3] . He was interested in using <\Lm as a summation process for converting the slowly convergent (or divergent) sequence {Sn} into a more rapidly convergent (or convergent) sequence {S*}. Although Salzer provided no convergence criteria, he did furnish a number of practical examples where S* -> a when S" -» a. This is not, however, true in general, as is shown in Section 2. In Section 3, we describe a class of sequences for which S* is convergent, and we close with an example.
2. The Regularity of h". IL« is not regular. To show this, we require a Lemma.
Proof. Evaluate the integral above by residues. This gives (2) 
> Cemmh, for m even and some C > 0, so, by using (3), we see that (7) S* > Demm~", m even and for some D > 0, and S* does not converge.
3. A Class of Sequences Summed by 1lm. A distinguishing characteristic of the transformation %m is, generally speaking, that it sums best (in the sense that if Sn -* a, then S* -> a more rapidly) those sequences which are monotone, and is less effective on summing sequences which are not monotone. Exactly the opposite is true of most of the classical summation procedures, such as the Cesaro summability method, which work best on those sequences the successive differences of whose members alternate in sign.
In the following theorem, we explore this interesting feature of 11« by determining a class of sequences for which S* -> a if Sm -> a. Let in what follows (8) Sn = a 4-Rn, + Ä?
Theorem. Let there exist a function R(z) analytic for Re z 2: p for some p, 0 < p < 1, such that We can let (24) i?(z) = (*(* + 1) -*(" + z + !)>-' = -z-1 4-0(z-2),
